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ABSTRACT. Functions are from R to N or R X R to N, where R denotes the
real numbers and N denotes a normed complete ring. If S, T and G are
functions from R X R to N, each of S(p~, p), S(p~,p~), T(p~, p) and
T(p~,p~) exists fora < p < b, each of S(p, p*), S(p*,p*), T(p,p*)
and T(p*,p*)exists fora < p < b, G has bounded variation on [a, b] and
§ 2G exists, then each of

fbs[a—fo]r and f”s[l +6-Ila+a)]r

exists and is zero. These results can be used to solve integral equations
without the existence of integrals of the form

fb
a
This is demonstrated by solving the linear integral equation
f(x) = h(x) + (LR) [*(fG + fH)
a
and the Riccati integral equations
F(x) = w(x) + (LRLR) [*(fH + Gf + fKf)
a

without the existence of the previously mentioned integrals.

G~fG|=o and ];”11+G—H(1+G)|=o.

Introduction. The existence of integrals of the form
b b
i G- G,=0 and [|J1+G-T[(1+G)|=0
@ [le-] / Ia+o)

can be very useful in studying the solution of integral equations and integral
inequalities. This has been demonstrated in papers by B. W. Helton [7]{12]
and the author [15]. However, it is possible to construct functions such that
the integrals in (i) do not exist. This has been done by W. D. L. Appling [2,
Theorem 2, p. 155] and the author [13, pp. 153-154].
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The purpose of this paper is to present results for use in solving integral
equations in the event that the integrals in (i) do not exist. Two theorems of
this nature are given. First, if S, T and G are functions from R X R to N,
eachof S(p~,p), S(p~,p" ), T(p~,p)and T(p~,p~) exists fora < p < b,
eachof S(p,p*), S(p*,p*), T(p,p*)and T(p*,p*) existsfora < p < b,
G has bounded variation on [a, b] and f2G exists, then [2S[G — [G]T exists
and is zero. Second, if S, T and G are defined as before, then

f:s[l +6-Tla+o)r

exists and is zero. In the statement of these results, the requirement that [2G
exist can be replaced by the requirement that ,II”(1 + G) exist fora < x <y
< b (see Lemma 3).

To demonstrate the use of the results stated in the preceding paragraph, the
linear integral equation

0 7(x) = hx) + (LR) [(fG + fH)
and the Riccati integral equation
(it) f(x) = w() + (LRLR) ["(/H + Gf + fKf)

are solved without requiring the existence of the integrals in (i). Further, the
solutions are obtained with previous restrictions on h and w relaxed from
bounded variation to quasi-continuity.

The solution presented for the linear integral equation in (ii) extends results
by B. W. Helton [7, Theorem 5.1, p. 310] and the author [15, Theorem], [16,
Theorem 1] since the integrals in (i) are not required to exist and A is not
required to have bounded variation. The ideas behind the existence results in
the second paragraph are contained in a previous paper by the author [15],
where the integral equation in (ii) is solved without requiring the existence of
the integrals in (i). However, at the time, the nature of these results and their
use in solving integral equations were not recognized. The presentation here is
more direct than that in [15] and also more general since 4 is not required to
have bounded variation.

The solution presented for the Riccati integral equation in (iii) extends a
result by B. W. Helton [11, Theorems 3.2, 3.3]. The result given here is more
general since the integrals in (i) are not required to exist and w is not required
to have bounded variation.

This paper is part of a sequence of results initiated by two papers by H. S.
Wall [42]-{43]. There, in response to a paper by P. Puig Adam [1], Wall
developed techniques involving continuous continued fractions and harmonic
matrices for the solution of integral equations. In turn, these results have been
extended in various directions by J. S. Mac Nerney [29}-{34], J. W. Neuberger
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[36]-{38], T. H. Hildebrandt [22], J. R. Dorroh [5], B. W. Helton [7}H{12], D.
B. Hinton [23], J. V. Herod [18]-21], C. W. Bitzer [31{4], D. L. Lovelady
[24]{28], J. A. Reneke [39]H41], G. F. Webb [44]{46], and the author
[14}-{17]. For early background on product integration, the reader is referred
to P. R. Masani [35] and F. R. Gantmacher [6, Chapter 24].

Definitions. All integrals and definitions are of the subdivision-refinement
type, and functions are from R to N or R X R to N, where R denotes the set
of real numbers and N denotes a ring which has a multiplicative identity
element represented by 1 and a norm | - | with respect to which N is complete
and |1] = 1. At times, we consider 2 X 2 and 1 X 2 matrices composed of
elements of N. Then, we use max,._,,23.|a,| and £2_,|a/| as our norms and
denote them by || - ||. Lower case letters are used to denote functions from R
to N, and capital letters are used to denote functions from R X R to N.
Boldface letters are used to represent matrix functions. Functions on R X R
are assumed to be defined only for elements {a, b} of R X R such that
a < b.If {x;}}., is a subdivision of [a, b], then

fi=f(x) and G, = G(x;_;x).
Further if {x;}7% is a subdivision of [x;_,, x], then G; = G(x;;-,, x;) and
Jy= f (xy)-

The statement that [2G exists means there exists an element L of N such
that, if e > 0, then there exists a subdivision D of [a, b] such that, if {x;}}.¢ is
a refinement of D, then

<e

n
P—ZQ

im]

The statement that II°(1 + G) exists means there exists an element L of N

such that, if ¢ > 0, then there exists a subdivision D of [a, b] such that, if
{x;}}=0 is a refinement of D, then
n

k—ﬂﬂ+@)<&

i=1

The statement that (LR)f%(fG + fH) exists means [5C exists, where
C(x%,y)=f(x)G(x,y) + f(y)H(x,y) for a < x <y < b. The integral
(LRLR)[%(fH + Gf + fK{) is defined similarly.

The statements that G is bounded on [a, b], G has bounded variation on [a,
b] and G is in OP° on [a, b] mean there exist a subdivision D of [a, b] and a
number B such that, if {x;}]., is a refinement of D, then

M |G|< Bfori=1,2,...,n,

@ 27.,/Gi| < B, and

3) E., 1+ G) <Bfor0<r<s<n,
respectively.
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The statement that G is in OM° on [a, b] means ,JI’(1 + G) exists for
a< x<y<band f’)]1 + G—II(1 + G)| exists and is zero. The statement
that G is in OM* on [a, b] means [I”(1 + G) exists fora < x <y < b and,
if € > 0, then there exists a subdivision D of [a, b] such that, if {x;}7_,is a
refinement of D and 0 € p < g < n, then

Xq 9
S (1+G) igl;[“(l +G)|<e

The symbols G(p ~, p), G(p~,p"), G(p,p*) and G(p*, p*) are used to

denote
lim G(x,p), lim_G(x,y), lim G(p,x)
x—p x,y—p x—>p
and
lim G(x,y),
x,y—p

respectively. Further, the function A is quasi-continuous on [a, b] only if
lim, _,,-h(x) exists for a < p < b and lim,_,,+h(x) exists for a < p < b. For
convenience in notation, let G € S, on [a, b] only if G(p~, p~) exists and is
zerofora < p < band G(p*, p*) exists and is zero fora < p < b, and let
G € S, on [a, bl only if G(p~, p) exists fora < p < b and G(p, p™) exists
fora < p < b.

Results. The two existence theorems are presented first. One lemma is
needed.

LeMMA 1. If S, T and G are functions from R X R to N, each of S(p~, p),
S(p~,p7), T(p~,p)and T(p~, p~) exists for a < p < b, each of S(p,p*¥),
St p*), T(p,p*) and T(p*, p™) exists for a < p < b, G has bounded
variation on [a, b] and [ G exists and is zero for a < x <y < b, then [*SGT
exists and is zero.

PRroOF. Let € > 0. It follows from the existence of the limits involving S
and T by an application of the covering theorem that S and T are bounded
on [a, b]. Thus, since G has bounded variation on [a, b], there exist a
subdivision D, of [a, b] and a number B such that, if {x;}7_, is a refinement
of D, then

n n
2 |G| |T|< B and I (|S|+ 1)|G|< B.
i=1 i=1

Again, it follows from the existence of the limits involving S and T by an
application of the covering theorem that there exist a subdivision {r;}7., of
[a, b] and sequences {s;}/.; and {f}/., of elements of N such that, if
1<j<pandr_; <x<y<r,then

S () = s|<e@B)™,  |5|<[S(xx)| +1
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and
|T(x,5) — t]|< e(4B)~".

Since G has bounded variation on [a, b], S and T are bounded on [a, b],
G(p,p*) exists and is zero fora < p < b and G(p~, p) exists and is zero for
a < p < b, it follows that there exist subdivisions {u,}?X] and {v,}°X/ of [a,
blsuch thatr,_, < u; < v, <rforj=12,...,p and also such that

p+1n(j)

EZ,kk-k

<e/4

for refinements {x,}3%, of {v,_, r;_y, 4}
Forj=1,2,...,p, there exists a subdivision E; of [u;, v;] such that, if
{x;}impis a refinement of E;, then

n
2 SjGitj

i=1

<e(4p)”!

This is true since [75,Gt; exists and is zero.
Let D denote the subdivision
P

D,u D,U EuU {r,}
Jj=1
of [a, b]. Suppose {x;}}., is a refinement of D. Forj=1,2,...,p, let P
denote the set such that i € P; only if u; < x; < v;. Further, let Q denote
{'}"- U/-,P;. Now,

Jj=0

EDAD siGiTi|+ S 56
Jj=1]i€ep ieQ
P

<2 2 (Si_sj"'%')Gi(T}"j"'E') +e/4
j=1liep,
P

<3| 256Gy +2 2 I 51 1Gi| |T; = ¢
Jj=1 iEP, Jj=lie

P
+ 2 28— s |G |T|+e/4
Jj=1i€P,
<p[e@p)™"] +[e4B)"'|B +[e(4B)']B + ¢/4
=e.
Therefore, [4SGT exists and is zero. This completes the proof of Lemma 1.

THEOREM 1. If S, T and G are functions from R X R to N, each of S(p~, p),
S(p~p™ ) T(p~,p)and T(p~, p~) exists for a < p < b, each of S(p,p*),
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S(p*,p*), T(p,p*) and T(p*, p*) exists for a < p < b, G has bounded
variation on [a, b] and [5G exists, then

fabS[G-fG]T

ProOF. This theorem follows as a corollary to Lemma 1.

THEOREM 2. If S, T and G are functions from R X R to N, each of
S(»=p)s(p~sp7), T(p~,p)and T(p~, p~) exists for a < p < b, each of
S(p,p*), S(p*,p*), T(p,p*) and T(p™, p™) exists for a < p < b, G has
bounded variation on [a, b] and I’ (1 + G) exists fora < x < y < b, then

fabS[l +6-lla+o)|r

exists and is zero.

exists and is zero.

Proor. This theorem follows as a corollary to Lemma 1.
The solution of the linear integral equation is now presented. Several
additional lemmas are needed.

LeMMA 2. If S, T and G are functions from R X R to N, each of S(p~, p),
S(»=,p ), T(p~,p)and T(p~, p~) exists for a < p < b, each of S(p,p™),
St p"), T(p,p*)and T(p*, p*) exists for a < p < b, G has bounded
variation on [a, b] and [5G exists, then [2SGT exists [14, Theorem 5).

LeMMA 3. If G is a function from R X R to N and G has bounded variation
on [a, b), then [5G exists if and only if I’(1 + G) exists fora < x <y < b
[14, Theorem 4].

LeMMA 4. If h is a function from R to N, H and L are functions from R X R
to N, h is quasi-continuous on [a, b}, H and L — 1 have bounded variation on
[a, b), f2H exists and [(L — 1) exists, then

(R)fabdhL[po(l + )]
exists.

Proor. For convenience in notation, let
y
S1 (1) = (R) [ an(L - DI (1 + #)]
y
S, (x,) = lim*(LR)fyh(u)H[oH (1+ H)]
1—x t
and

S5 () = lim k() II' (1 + )]
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for a < x < y < b. The existence of S,(x, y) and Sy(x, y) can be established
by using Lemma 2. For simplicity, S, S, and S, are used to denote S,(a, b),
Sy(a, b) and S,(a, b), respectively. In the following, it is shown that the
desired integral exists and is

Sl + Sz + h(b) - S3.

Lete > 0.
If {x;}}¢ is a subdivision of [a, b}, then
S dh,.L,.[x’Hb(l + H)]
im]
=3 [ L, - 1][,“H"(1 + H)]
i=]
+3 h._,H,.[x‘Hb(l + H)]' + h(b)
im2
_h(a)[xlﬂb(l + 1))+ 'Ti:h,.e,.[xl“nb(l + /),
where

Xi+1
g=x1I (1+H)=(1+H,)

fori=1,2,...,n— 1. Now, by employing the preceding relation, we have
that

{ S dh,.L,.[,,Hb(l + H)]} — (S, + S, + h(b) - 53}

i=]

() <|S an[L, - 1][,JI°(1 + H)] - s,’

im]

®) 43 h._lH,[,,H"(l +m)]-s,

=2

8y = h@) I+ 1))

© +

S e[ 10+ )]

i=1

(d) +

It follows from the existence of S, S, and S that there exists a subdivision
D, of [a, b] such that, if {x;}]., is a refinement of D,, then each of the
expressions in (a), (b) and (c) is less than e¢/4. Further, it follows from
Theorem 2 that there exists a subdivision D, of [a, b] such that, if {x;}i.ois a
refinement of D,, then the expression in (d) is less than e/4. Let D denote the
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subdivision D, U D, of [a, b] and suppose {x;}}., is a refinement of D. Then,

{ S dh,.L,.[xIHb(l + H)]} — (S, + S, + h(b) - 83)

i=1

<ef/d+¢e/d+e/d+e/d=c¢

Therefore, the desired integral exists and is
Sl + S2 + h(b) - S3.

This completes the proof of Lemma 4.

LEMMA 5. If G is a function from R X R to N, G has bounded variation on
[a, b) and II”(1 + G) exists for a < x < y < b, then G is in OM* on [a, b]
[14, Theorem 1).

LEMMA 6. If € > 0, h is a function from R to N, H and L are functions from
R X R to N, h is quasi-continuous on [a, b], H and L — 1 have bounded
variation on [a, b), [°H exists and [5(L — 1) exists, then there exists a
subdivision D of [a, b] such that, if {x;}}. is a refinement of D, then

im] J=i+l

EdhL,[ il (1+H)}—(R)f dhL[ II (1+H)]
PRrOOF. It is established in Lemma 4 that
R) [ at[ TI°(1 + H)] = 5, + S, + h(5) - S,

where S,, S, and S, are defined in Lemma 4. Also, if {x;}}., is a subdivision
of [a, b], then

n n
Sanr) I (1+H)
i=1 =i+l

-2M~—u[ﬁu+%>

J=i+1

+ h(b)

i=2 Jj=i+l

+2hJ4110+%)

Jj=2

—u@[ﬁ(v+mﬂ.

Now, by employing the two preceding relations, we have that
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- @) a1+ H)]I

idhiLi[ I (1+H)

im1 J=i+l

(@) < idhi[l‘i— 1][ ﬁ (1+Hi) -5
i=1 J=i+1
(b) + ih._lHi[ I qa+H)|-5
im=2 J=i+1
o] fiaem]
Jj=2

Let ¢ > 0. Since L — 1 has bounded variation on [a, b] and H is in OM*
on [a, b] by Lemma 5, there exists a subdivision D, of [a, b] such that, if
{x;}-0 is a refinement of D, then the expression in (a) is less than &/3.
Similarly, since H has bounded variation on [a, b], there exists a subdivision
D, of [a, b] such that, if {x;}}., is a refinement of D,, then the expression in
(b) is less than ¢/3. Finally, from the existence of S, it follows that there
exists a subdivision D, of [a, b] such that, if {x;}7., is a refinement of D,,
then the expression in (c) is less than /3.

Let D denote the subdivision D, U D, U D; of [a, b] and suppose {x;}7.¢
is a refinement of D. Then,

s dh,.L,-[ T+ H,)} - (R)fbdhL[DHb(l + H)]

im1 j=i+1

<e/3+¢e/3+¢/3=c¢
Therefore, the desired inequality is established. This completes the proof of
Lemma 6.

LEMMA 7. If h is a function from R to N, H and L are functions from R X R
to N, h is quasi-continuous on [a, b), H and L — 1 have bounded variation on
[a, b], f°H exists and [°(L — 1) exists, then [%|dhL — I| exists and is zero,
where

I(x,y) = (R)LydhL[oHy(l + H)]
fora< x<y<b.

PRrROOF. It is established in Lemma 4 that

I(x,y) = S,(x,9) + S,(x,) + h(y) = S3(x.»)
for a < x <y < b, where S|(x, y), Sy(x, y) and Sy(x, y) are defined in
Lemma 4. Thus, if {x;}]., is a subdivision of [a, b], then
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n
2 IdhiLi = I(x_y, xi)l
=]

@ < S |dh(L, — 1) = S, (xpop %)
im=]
(b) + él 1S5 (X;—15 %) = iy — Sy (%15 ;)|

We now establish that the desired integral exists and is zero. Let ¢ > 0.

For any specified positive number a, there exists a subdivision {x;}7., of
[a, b] such that, if x;,_, < 4; < v; < x; and {x,.j};fﬁ)o is a subdivision of [y, v;]
fori=1,2,...,n, then

n n(i)
El ng ]dh,.j(L,-j - l)l <a.
By using this as a starting point, it is possible to construct a subdivision D, of
[a, b] such that, if {x;}}. is a refinement of D,, then the expression in (a) is
less than ¢/2.
We next note two things. First,

Ja+m)=1+ (R)j;yH[oHy(l + H)]

for a < x <y < b. Second, if a is a positive number, then there exists a
subdivision {x;}7.o of [a, b] such that, if x,_; <y < v, <x, fori=1,
2,...,n, then

3 |er) [*Thn) - s IH[ "0+ 1)

By employing the two preceding relations, it is possible to construct a
subdivision D, of [a, b] such that, if {x;}]., is a refinement of D,, then the
expression in (b) is less than ¢/2.

Let D denote the subdivision D, U D, of [a, b] and suppose {x;}}., is a
refinement of D. Then,

<a.

n
2 |dhL = I(x_,x)| <e/2+¢/2=¢.
i=1

Therefore, the desired integral exists and is zero. This completes the proof of
Lemma 7.

THEOREM 3. If f and h are functions from R to N, G, H, A and B are
functions from R X R to N, (1 — H)™! exists and is bounded on [a, b],
B=(1—-H)'and A =1+ G)Y1 — H) ! on [a, b}, h is quasi-continuous
on [a, b, G and H have bounded variation on [a, b), [2G exists and [%H exists,
then the following statements are equivalent:
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(1) f is bounded on [a, b] and (LR)[%(fG + fH) exists and is f(x) — h(x)
fora < x < b,and
(@) (R)[%(dhB,II*A) exists and is f(x) — h(a),II*4 for a < x < b.

Proor [(1) - (2)]. It follows that ,][’4 exists for a < x <y < b by em-
ploying Lemmas 2 and 3. Further, the existence of (R)f%(dhBI"4) for
a < x < b follows from Lemma 4. We now establish that

7(x) = h(a),Il 4 + (R) fa "(anB,11"4)

fora < x < b. If a = x, the equality follows immediately.

Suppose a < x < b and € > 0. If D is a subdivision of [a, x] and {x;}]., is
a refinement of D, then by employing an iteration technique used by B. W.
Helton [7, Theorem 5.1, p. 311], we have that

n n n n n
fi=filla+3dnB, Il 4+ 3¢B I 4,

i=] i=1] J=i+l  i=1 J=i+1
where

i = (LR) [ (G + fH) = (fi-1Gy + fiHy)
fori=1,2,...,n Thus,

f(x) - [h(a)aHxA + (R)fa"(th,,l'[xA)”

(a) <

h(ay I 4, h(a)aHxAl

i=]

®) +

Sans 11 4-R)[ x(thonA)i

i=1 Jmi+l

n n
S I 4.

iml jmi+l

©) +

Since ,II*4 exists, there exists a subdivision D, of [a, x] such that, if {x;}].o
is a refinement of D), then the expression in (a) is less than &/3. Further, it
follows from Lemma 6 that there exists a subdivision D, of [a, x] such that, if
{x;}7-0 is a refinement of D,, then the expression in (b) is less than ¢/3. It
follows from Lemma 5 that 4 — 1 is in OM* on [a, x]. Now, from this and
Theorem 1, it follows that there exists a subdivision D, of [a, x] such that, if
{x;}1=0 is a refinement of D,, then the expression in (c) is less than e/3.

Let D denote the subdivision U?_,D, of [a, x]. Thus, if {x;}7., is a
refinement of D, then
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£ —[h(a)aHxA + (R)j;x(thonA)”

<e/3+¢/3+¢/3==¢
Therefore, (1) implies (2).
PROOF [(2) — (1)]. It follows from the definition of f in (2) that f is bounded
on [a, b]. The existence of (LR)[(fG + fH) for a < x < b follows from
Lemma 2. We now establish that

f(x) = k(=) + (LR) [ “(fG + fH)

for a < x < b. If a = x, the equality follows immediately.

Suppose a < x < band e > 0. If D is a subdivision of [a, x] and {x,}].,is
a refinement of D, then by employing an iteration technique used by B. W.
Helton [7, Theorem 5.1, p. 312], we have that

o=t S oG+ fHY + S fid(1 = H)) "iil""(' - H),

i=] i=1

where
di =x,~_,HxlA -4

and
e, = (R) fx i_'|(th,,II A) - dnB,

fori=1,2,...,n. Thus,

£(%) —[h(x) + @) [ +fH)]|

() <

S (16, + 1) = (LR) [ (/6 +fH)‘

i=1

(®) +

S fodi(1 - H,-)l

i=]

n
(c) + 21 e:(1 — H;)|-
im=
Since (LR)[%(fG + fH) exists, there exists a subdivision D, of [a, x] such
that, if {x;}7., is a refinement of D,, then the expression in (a) is less than
¢/3. Further, it follows from Theorem 2 that there exists a subdivision D, of
[a, x] such that, if {x;}7., is a refinement of D,, then the expression in (b) is -
less than &/3. Finally, it follows from Lemma 7 that there exists a subdivision
D, of [a, x] such that, if {x;}7., is a refinement of Ds, then the expression in
(c) is less than ¢/3.
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Let D denote the subdivision U2_,D; of [a, x]. Thus, if {x,}"., is a
refinement of D, then

7) =) + ) [ (sG + ga1)|

Therefore, (2) implies (1). This completes the proof of Theorem 3.
The solution of the Riccati integral equation is now presented. Several
additional lemmas are needed.

LeEMMA 8. If F and G are functions from R X R to N, F is in OP°, OM* and
S, N S, on[a, b], G has bounded variation on [a, b] and G is in OM* on [a, b},
then F + G is in OP° and OM* on [a, b] [17, Lemma 5, Theorem 1].

LEMMA 9. If F and G are functions from R X R to N, F is in OP°, OM* and
S, N S, on[a, b, G has bounded variation on [a, b] and G is in OM* on [a, b],
then

<e/3+e/3+ef3=c¢

ar) [ [T a+pleeal 1’0+ F+6)
exists and is
'a+F+6)-,II"a+F).

ProoF. It follows from Lemma 8 that F + G is in OP° and OM* o‘n [a, b].
Further, it can be established by induction that, if {x;}7., is a subdivision of
[a, b], then

im]| j=]

i[fﬁ'(wm

G| II (1+F+ga)
J=i+l

n n
=lIa+F+6)-1a+F).
i=] i=1
The existence of the desired integral can be established by using the preced-
ing identity and the facts that G has bounded variation on [a, b] and that F
and F + G are in OP° and OM* on [a, b]. This completes the proof of
Lemma 9.

LemMA 10. If G is a function from R X R to N, G has bounded variation on
[a, b), ,JI”(1 + G) exists for a < x <y < b and (1 + G)~! exists and is
bounded on [a, b), then [ I’ (1 + G)]™! exists and is bounded on [a, b).

PrOOF. If 4 is an element of N and |4| < 1, then

(1+4)7'=1+ § (=14

Jj=1

By employing this relation, we can establish that, if G satisfies the conditions



320 J. C. HELTON

in the hypothesis on some interval [u, v] plus the additional condition that
JG| <3 on that interval, then [,II°(1 + G)]™' exists and is JI“(1 + H),
where

H(s,r) = il(-l)fcf(r,s)
j=

foru<r<s<o

Since G has bounded variation on [a, b], there exists a subdivision {x;}7.,
of [a, b] such that,if 1 < i < nand x;_; < u < v < x,, then |G| < on [«,
v]. Hence, the existence of [ II”(1 + G)]~! for a < x*< y < b can be estab-
lished from the existence of (1 + G)~! and the result given in the previous
paragraph. Further, since G has bounded variation, it also follows that this
inverse is bounded on [a, b]. This completes the proof of Lemma 10.

LemMMA 11. If F, G and L are functions from R X R to N, F is in OP°, OM°
and S, N S, on [a, b), G has bounded variation on [a, b, [5G exists and

s
L(rs)=,Il 0+ F+ G)-1-F(r,s) - G(r,5)
for a < r < s < b, then L has bounded variation on [a, b] and [ L exists and
is zero fora < x <y < b.

Proor. It is initially established that %L exists and is zero fora < x <y
< b. Suppose a < x <y < b and ¢ > 0. By applying Lemma 9, we have
that, if {x;}7., is a subdivision of [x, y], then

S,

im]

S LI U+ FeG)-(1+ F+ G,.)’

i=]

@ <2 . . Ta+m-q +F.~)|
i=]

&+ SR [0+ pleesl I+ F+6)]-q
jm] Xi—1

Since F is in OM*® on [x, y], there exists a subdivision D, of [x, y] such that,
if {x;}]. is a refinement of D,, then the expression in (a) is less than &/2.

For any specified positive number a, there exists a subdivision {x;}]., of
[x,y] such that,if 1 < i< nand x;_; < u < v < x;, then

|1—,,H°(1+F)|<a and |1-,,1'[°(1+F+ G)| <

Hence, it is possible to construct a subdivision D, of [x, y] such that, if
{x;}7=0 is a refinement of D,, then the expression in (b) is less than e/2.

Let D denote the subdivision D, U D, of [x, y] and suppose {x;}].o is a
refinement of D. Then,
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n
2L

i=m]

Hence, [ L exists and is zero.
It is now established that L has bounded variation on [a, b]. Again by
applying Lemma 9, we have that, if {x;}}., is a subdivision of [a, b], then

n n X,
=32 L JI 1+ F+6)-(1+F+G)

<e/2+¢ef2=c¢

<§:l L0+ F) - +F)
@) +§l l(LR)j:l [,,_,H'(l + F)]6(, s)[st'(l +F+ G)]l

n
i=1
Since F is in OM°® on [a, b], there exist a subdivision D, of [a, b] and a
number B, such that, if {x;}7., is a refinement of D,, then the expression in
(a) is less than B,. Since G has bounded variation on [a, b] and each of F and
F + G is in OP° on [a, b}, there exist a subdivision D, of [a, b] and numbers
B, and B, such that, if {x;}}., is a refinement of D,, then the expressions in
(b) and (c) are less than B, and B,, respectively.
Let D denote the subdivision D, U D, of [a, b] and suppose {x;}7., is a
refinement of D. Then,
n
2 |L|< B, + B, + B,.
i=1
Hence, L has bounded variation on [a, b]. This completes the proof of
Lemma 11.

THEOREM 4. If w is a function from R to N, each of G, H and K is a function
Jrom R X R to N, w is quasi-continuous on [a, b, each of G, H and K has
bounded variation on [a, b), K(p, p*) exists and is zero for a < p < b,
K(p~,p) exists and is zero for a < p < b, (1 — G)~! exists and is bounded on
[a, b] and each of [5G, [°H and [°K exists, then the following statements are
equivalent:

(1) the integral equation

F(x) = w(x) + (LRLR) ["(/H + Gf + JKf)

has a bounded solution on [a, b), and
(2) the inverse of v(x) exists and is bounded on [a, b], where u(x) and v(x)
are defined by the equation
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[u(x), o(x)] =[w(a), l]aHx(I +[$ :IG(])

fora< x<b.
Furthermore, if (1) or (2) is true, then the only bounded solution of the integral
equation in (1) is given by f(x) = [v(x)]"'u(x) fora < x < b.

ProoF. To simplify notation, let Q denote the function such that

Q(x,y) =1+

H(x,y)  —K(x») ]
w(y)—wx) —G(xy)

for a < x <y < b. Then, if we let

H ) - ’
K = iy Ly 0] o G(x’y)={ W o

for a € x <y < b, it follows from Lemmas 5 and 8 that Q is in OP° and
OM?* on [a, b].

ProOF [(1) - (2)]. Suppose a < x < b. If a = x, then the result follows
immediately. Therefore, suppose a < x. The existence of (L)[ — fK follows

from Lemma 2. Thus, (L)[%(— G — fK) exists. Therefore, the existence of
(L),I*(1 = G — fK) follows from Lemma 3. We now establish that

(@111 - 6 - )} [£(), 1] =[u(x) v(0)]-

Let ¢ > 0. If L denotes the interval function

L(r,s) = (LRLR) [ [ fH + Gf + JKf]
—[f(NH(r,5) + G(r,5)f(s) + f()K(r,5) f®]
D is a subdivision of [a, x] and {x;}]., is a refinement of D such that

(1- G, - f,_K) 'exists fori = 1,2, ..., n, then by employing an iteration
technique used by B. W. Helton [11, Theorem 3.3], we have that

(.- 6- 1K)+ d}[ 4 1]
=[for 1]{aHxQ +d, + ds}’
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where
4=10-6-fk)-@I"-6-x),
i=1
d2= f[ Qi —aHxQ
i=1
and
I H  -K]_ [0 o])_T
ds—:l}n(l-'— Aw, ‘Gi]+[l‘f 0]) il-IlQi.
Thus,
[{@.I" - 6 - m)} 1] - [ 1011
=||-d\[ £, 1] +[fo 1]{d, + d;}|
@) <|=ai| [ 5 1]|
(b) +dao) [ fo 1]]
© +ds|| [ o 1]]-

Since (1 — G)~! exists on [a, b], f is bounded on [a, b] and each of
K(p,p*) and K(p~, p) exists and is zero on [a, b], it follows that there exists
a subdivision D, of [a, x] such that, if {x,}7., is a refinement of D,, then
(1-G; - f_,K) "exists fori =1, 2,...,n It follows from the existence
of (L),II*(1 — G — fK) that there exists a subdivision D, of [a, x] such that,
if {x;}7-0 is a refinement of D,, then the expression in (a) is less than /3. It
follows from the existence of ,[[*Q that there exists a subdivision D, of [a, x]
such that, if {x;}]., is a refinement of D,, then the expression in (b) is less
than ¢/3. It follows from Lemma 9 and Theorem 1 that there exists a
subdivision D, of [a, x] such that, if {x;}7., is a refinement of D,, then the
expression in (c) is less than e/3.

Let D denote the subdivision U{.,D; of [a, x]. Thus, if {x}"_, is a
refinement of D, then

[{@w.Il"a - 6~ )} £ 1] - [ 4o 11T
<e/3+e/3+¢e/3=c

Hence,

(@I = 6 = 0} [ 7. 1] = [w(@), 1].TT Q@ =[u(x), o(x)].
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From the definition of matrix equality, we have that
(@I (1 = 6 - fK)} (%) = u(x)
and
)11 (1 - G - fK) = v(x).

From Lemma 10, we have that {(L),]I*(1 — G — fK)}~! exists. Thus,
[o(x)]™! exists, and hence, f(x) = [v(x)]”'u(x). Also, note that Lemma 10
can be used to establish that v~! is bounded on [a, b]. Therefore, (1) implies
(2). Also, we have shown that, if f is a bounded solution to the integral
equation in (1), then f(x) = [v(x)]"'u(x) fora < x < b.

PROOF [(2) = (1)]. Let f(x) = [v(x)]”'u(x) fora < x < b. Since v™' and u
are bounded on [a, b], the funcion f is bounded on [a, b]. Suppose a < x <
b. If a = x, then (1) follows immediately. Therefore, suppose a < x. We now
establish that the equality in (1) is satisfied. Let ¢ > 0.

If D is a subdivision of [a, x] and {x;}}., is a refinement of D, then by
employing an iteration technique used by B. W. Helton [11, Theorem 3.2}, we
have that

o=t S Hr S G+ S Sk,

im] im] im]

n
+ 2 (Di——]lai - v 1b; )’

i=]

where

[ai’ bi] = [“i—v vi—l]{x,_|Hle - Qi}

fori=1,2,...,n To simplify notation, let L, S, T, U and V denote the
functions such that, if a < r < 5 < x, then
S(r,s) T(r,s)

L(r.5) =[ Ur,s) Vv s)} =1 Q-Qs)

Now, from the definitions of the functions involved, we have that
-1, — -1
014 =034, S; + U
and
- -1 -1, =1
= oZibfi = — oy T — Vior U
Thus,
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169 = (w2 + 3 1t + 64 +J}-|KJ.~)}‘

i (U‘-—'lai - ”i_-llb:ft)l
im]

n
@ <|X v':llul-lsi’
im]
n
&) +|3 v,.‘
im]
n
© + 2 '-vi_—lui—lnoi_lui
i=]
n
@@ + 2 -V~ l“i .
im]

It follows from Lemma 11 that L has bounded variation on [a, x] and that
fiL=0fora < r <s < x. Thus,

S $ s s
O=|S=|T=|U=|V
fs=[r=[v=]
fora €< r < s < x. Also, each of S, T, U and V has bounded variation on [a,
x]. Thus, it follows from Lemma 1 that there exists a subdivision D of [a, x]

such that, if {x,}}., is a refinement of D, then each of the expressions in (a),
(b), (c) and (d) is less than e/4. Hence, if {x;}7., is a refinement of D, then

f(x) - [W(x) + é(ﬁ-nHt + G, +f,~-|KJ.-)}

<efd+e/d+e/d+e/d=c¢

Hence, (LRLR)[;(fH + Gf + fKY) exists and is f(x) — w(x). Therefore, (2)
implies (1). This completes the proof of Theorem 4.
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